Let M be a number field. Let W be a set of non-archimedean primes of M . Let
Introduction.
The interest in the questions of Diophantine definability and decidability goes back to a question which was posed by Hilbert: given an arbitrary polynomial equation in several variables over Z, is there a uniform algorithm to determine whether such an equation has solutions in Z ? This question, otherwise known as Hilbert's 10th problem, has been answered negatively in the work of M. Davis, H. Putnam, J. Robinson and Yu. Matijasevich. (See [2] and [3] .) Since the time when this result was obtained, similar questions have been raised for other fields and rings. Arguably the two most interesting and difficult problems in the area are the questions of Diophantine decidability of Q and the rings of algebraic integers of arbitrary number fields. One way to resolve the question of Diophantine decidability negatively over a ring of characteristic 0 is to construct a Diophantine definition of Z over such a ring. This notion is defined below.
Definition.
Let R be a ring and let A ⊂ R. Then we say that A has a Diophantine definition over R if there exists a polynomial f (t, x 1 , . . . , x n ) ∈ R[t, x 1 , . . . , x n ] such that for any t ∈ R, ∃x 1 , . . . , x n ∈ R, f (t, x 1 , ..., x n ) = 0 ⇐⇒ t ∈ A.
If the quotient field of R is not algebraically closed, it can be shown that we can allow a Diophantine definition to consist of several polynomials without changing the nature of the relationship. (For more details see [3] .) Such Diophantine definitions have been obtained for Z over the rings of algebraic integers of the following fields: totally real extensions of Q, their totally complex extensions of degree 2, the fields with exactly one pair of complex conjugate embeddings and all the subfields of the above mentioned fields. (These subfields include all the abelian extensions of Q.) For more details concerning these results see [4] , [5] , [6] , [12] , [13] , [14] . However, not much progress has been made towards resolving the Diophantine problem of Q. Furthermore, one of the consequences of a series of conjectures by Barry Mazur and Colliot-Thélène, Swinnerton-Dyer and Skorobogatov is that Z does not have a Diophantine definition over Q, and thus one would have to look to some other method for resolving the Diophantine problem of Q. (Mazur's conjectures can be found in [10] and [11] . However, Colliot-Thélène, Swinnerton-Dyer and Skorobogatov have found a counterexample to the strongest of the conjectures in the papers cited above. Their modification of Mazur's conjecture in view of the counterexample can be found in [1] .) Given the difficulty of the Diophantine problem for Q (and number fields in general), one might adopt a gradual approach, i.e. one might consider the Diophantine problem of a recursive ring of W -integers which is defined below for any product formula field.
Let M be a product formula field (i.e an algebraic function field in one variable or a number field) and let W be a set of its non-archimedean primes. Then a ring O M,W = {x ∈ M | ord p x ≥ 0 ∀p ∈ W } is called a holomorphy ring of M if M is a function field and a ring of W -integers in the case of number fields. (The term W -integers usually presupposes that W is finite, but we will use this term for infinite W also.)
In the two earlier papers concerning the rings of W -integers with infinite W (see [15] and [17] ) the author has established the following results.
Theorem A.
Let M be any totally real non-trivial extension of Q. Then there exists an infinite recursively definable set W of finite primes of M such that Z and the ring of algebraic integers of M have a Diophantine definition over O M,W . (Thus, the Diophantine problem of O M,W is undecidable.)
Theorem B.
If M is a totally real number field with a cyclic subextension F of degree m, then for any ε > 0 there exists a set of primes W M of M of Dirichlet density greater than m−1 m − ε such that O M and Z have a Diophantine definition over O M,WM . Furthermore, if W F is the set of F -primes below W M , then the Dirichlet density of F can be arranged to be greater than 1 − φ(m)/m − ε.
As a corollary of this theorem the following result was obtained.
Corollary.
For every δ > 0, there exist a number field M and a set of M -primes W such that the following statements are true.
• O M and Z have a Diophantine definition over O M,W .
• The density of W is greater than 1 − δ.
• The density of the set of rational primes below W is greater than 1 − δ.
In this paper we improve the results above in the following fashion. First of all, the discussion is extended to totally complex extensions of degree 2 of totally real fields. Secondly, we remove the assumption on cyclic subextensions from Theorem B to prove the following theorem.
Theorem.
Let M be a totally real field or an extension of degree 2 of a totally real field. Then for any ε > 0 there exists a set W M of primes of M whose density is bigger than 1 − Thirdly, we obtain high density estimates for the rational prime sets involved while holding the extension degree constant. More specifically we prove the following theorem.
Let M be as above and let ε > 0 be given. Let S Q be the set of all the rational primes splitting in M .
(If the extension is Galois but not cyclic, S Q contains all the rational primes.) Then there exists a set of M -primes W M such that the set of rational primes W Q below W M differs from S Q by a set contained in a set of density less than ε and such that Z is definable over O M,WM . (Again this will imply that Hilbert's Tenth Problem is undecidable in O M,WM .) (See Theorem 2.9 and Theorem 3.14.)
Before we proceed with the proofs we need to state some propositions which will use later and provide some references for the bulk of the number-theoretic machinery used in the paper.
Let M be a number field. Let W be an arbitrary set of primes of M (including empty set or the set of all primes of M .) Let Q be a non-archimedean prime of M . Then the set of elements of O M,W integral at Q and the set of non-zero elements of O M,W are Diophantine over O M,W . (See [16] .)
Proposition.
Let M/G be a finite extension of number fields of degree l. Let O G,WG be a ring of W G -integers of G and let O M,WM be the integral closure of O G,WG in M . Let
Then there exists
(See Proposition 1.7 of [17] .)
Finally we need another result from [17] .
Theorem.
Let M/F be a non-trivial finite extension of totally real fields. Let M G be the Galois closure of M over F . Let L/F be a totally complex extension of degree 2 of F . Let K/F be a totally real cyclic extension of degree p, where p is an odd prime such that p > max([F : Q],[M : F ]). Assume further that the the product of any two fields in the triple (M G , K, L) is linearly disjoint from the third one over F . Let P F be a prime of F satisfying the following conditions: [17] .) We have moved to the appendix some technical propositions that we need for our proofs but which are of a general nature. Finally, we should note that this paper makes an extensive use of Chebotarev density theorem. This theorem, as well as the definition of Dirichlet density of a prime set, can be found in [8] .
2 Totally Real Case.
We start with making improvements for the case of totally real fields.
Lemma.
Let M/Q be a totally real Galois extension. Let F 1 , . . . , F r be all the cyclic subextensions of M . Then for any prime number p not dividing [M : Q] and any negative rational integer d, the following conditions are satisfied for j = 1, . . . , r and any K, a totally real cyclic extension of Q of degree p.
1. There exists an F j -prime P Fj ,j not splitting in the extension M/F j and such that the M -prime P M,j above it splits completely in the extension M K( √ d).
2. P Fj ,j splits completely in the extension
3. The product of any two fields in the triple (M, KF j , F j ( √ d)) is linearly disjoint from the third one over F j .
4. There exists δ K ∈ O K generating K over Q, as well as M K over M , such that P M,j or any of its conjugates over Q do not divide the discriminant of δ K or any of the coefficients of the monic irreducible polynomial of δ K over Q (or M ).
Proof.
First of all we observe that since 
Pick a prime P j so that neither it nor any of its conjugates over Q divide the discriminant of δ K or the coefficients of δ K 's monic irreducible polynomial over F j (or Q).
Theorem.
Let M, K, d, F 1 , . . . , F r , P M,1 , . . . , P M,r , δ K be as in Lemma 2.1. Let W K M be the set of primes of M not splitting in the extension M K/M and such that neither these primes nor their conjugates over Q divide the discriminant of δ K over Q or the monic irreducible polynomial of
Proof.
By Theorem 1.3, for all j = 1, . . . , r, there exists a polynomial
Further, by Theorem 1.5, for all j = 1, . . . , r, there exists a polynomial
Conversely, if x ∈ Z than the system can be satisfied for this x. Finally note that every element of O M,W K M ∪{P M,1 ,...,P M,r } ∩ Q can be written as a ratio of two rational integers.
Corollary.
Let L be any totally real field. Let M be the Galois closure of L over Q. Let K be a cyclic extension of Q of prime degree p not dividing
Proof.
First of all note that L and K are linearly disjoint over Q, while M and KL are linearly disjoint over L, by Lemma 4.2. Let δ K ∈ O K generate K over Q. Then δ K will generate M K over M . Further, the irreducible polynomials of δ K over Q, L and M are the same. Let V L,1 consist of all the primes t in W K L such that t or one of its conjugate over Q divide the discriminant of δ K or one of the coefficients of its monic irreducible polynomial over Q. Then V L,1 is finite and by Lemma 4.4, the factors of primes in
We should note here that from Lemma 2.1 and Theorem 2.2, we can assume that V M will consist of primes l of M such that neither l nor any conjugate of l over Q divides the discriminant or the coefficients of the monic irreducible polynomial of δ K over Q. Let V L,2 be the set of primes below primes of V M and let
Note that given the conditions on V M , V L2 will not contain any elements of V L,1 or any conjugates of elements of V L,1 . (In general, W M will be bigger than W K M ∪ V M but the difference between the sets will contain only finitely many primes.) Then
and assume the following system is satisfied over
Conversely, if t ∈ Z, these equations can be satisfied over O M,WM and every element of O L,W K L ∪VL,2\VL,1 ∩ Q can be written as a ratio of two integers. Finally, by Proposition 1.4, the system (2.2) can be rewritten as an equivalent system with all the coefficients in O L and all the variables
From this corollary we will derive two definability results: "from above" and "from below". By a view from "above", we mean a view of the situation from the vantage point of the prime sets in the extension, while a view from "below" will consider the underlying set of rational primes. First a view from above.
Theorem.
Let L be any totally real field. Let W L be any set of primes of L. Then for any ε > 0 there exists a set of
Proof.
Let ε and W L be given. Let K be a cyclic extension of Q of degree p, where p is a prime bigger than ε 
Now two views from below.
Theorem.
Let W Q be any set of rational primes. Then for any ε > 0 and any totally real number field L, there exists a set of rational primesW Q such thatW Q \ W Q is finite, W Q \W Q is contained in a set of primes of density less than ε, and O Q,W Q has a Diophantine definition in its integral closure in L.
Proof.
Let M be the Galois closure of L over Q. Let K be a totally real cyclic extension of Q of prime degree p such that p > ε −1 and p does not divide 
Q by at most finitely many primes. LetW L be the set of L-primes above the primes ofW Q . ThenW L can be bigger thanW K L by at most finitely many primes. We claim that the following statements are true.
• O L,WL is the integral closure of O Q,W Q .
•
The first assertion is clearly true by construction of the prime sets. To see that the second assertion is true, note the following. First of all, sinceW L is bigger thanW K L by finitely many primes at the most,
Finally consider the following system of equations:
Suppose now that this system is satisfied over O L,WL . Then P -equations imply that
so that the Q-equations are satisfied. Finally, there exist
The next theorem is a slightly different version of Theorem 2.5. This version will be more useful than the one above for proving undecidability results. The proof of the theorem can be easily obtained by a slight change in the proof of Theorem 2.5.
Theorem.
Let W Q be any set of rational primes. Let L be a totally real field and let ε > 0 be given. Then there exists a set of rational primesW Q ⊂ W Q with W Q \W Q contained in a set of primes of density less than ε and such that for any set V L of primes of L lying above a subset of primes
We will now turn to some undecidability results "from above and from below". First a view from above.
Let L be a totally real field which is a non-trivial extension of Q. Let χ L be the density of the set of rational primes splitting completely in L. Then for any ε > 0 there exists a setW L of primes of L whose density is bigger than 1 − χ L − ε and such that Z has a Diophantine over
Let V L be the set of all primes of L having at least one conjugate over Q, including itself, of relative degree 1. The density of V L is 1. In each conjugate set in V L pick a prime of highest possible relative degree and remove it. Let the resulting set be W L . Compute the density of W L . It is clearly 1 minus the density of the removed primes. The primes in the removed set which are contributing to the density are the ones of relative degree 1. If they were picked to be removed, then all of their conjugates are of relative degree 1. Hence, these primes lie above rational primes splitting completely in L. Thus, the problem is reduced to a calculation of the density of the following set: Ω = {P|P is a prime of L lying above a completely splitting rational prime P and is the only factor of P in Ω}. It is clear that the density of Ω is equal to the density of the set of rational primes splitting completely in L.
Next we note that by Theorem 2.
where V Q is a finite or empty set of rational primes. Since Z has a Diophantine definition over such a set, we are done.
Using Lemma 4.7 we can derive the following corollary from Theorem 2.7.
Corollary.
Let L be a totally real extension of Q. Then for any ε > 0 there exists a setW L of primes of L whose density is bigger than 1 − 1/[L : Q] −ε and such that Z has a Diophantine definition over O L,WL . Now a view from below.
Theorem.
Let L be any totally real field and let ε > 0 be given. Let S Q be the set of all rational primes splitting in L.
(If the extension is Galois but not cyclic, S Q contains all the primes.) Then there exists a set of L-primes V L such that the set of rational primesS Q belowV L differs from S Q by a set contained in a set of density less than ε and such that Z is definable over O L,VL .
Proof.
By Theorem 2.6, there exists a set of rational primesS Q ⊂ S Q with S Q \S Q contained in a set of primes of density less than ε and such that for any set V L of primes of L lying above a subset of primes ofS
Let S L be the set of all the primes of L aboveS Q . Next let V L be constructed in the following manner from S L . For every prime P ∈S Q , let p 1 , . . . , p kP all of its conjugates in L and also in S L . Discard one of the factors and put the remaining factors into V L . Note that since S Q consisted of rational primes splitting in L, andS Q ⊂ S Q , V L will contain at least one factor for every prime inS
Finally, it is worth restating this result for the case of a non-cyclic totally real Galois extension, where we get the following.
Corollary.
Let L be totally real Galois extension of Q which is not cyclic. Then for any ε > 0 there exists a set ofV L of primes of L such thatS Q -the set of rational primes belowV L is of density greater than 1 − ε and Z is definable over O L,VL .
Totally Complex Extensions of Degree 2 of Totally Real Fields.
In this section we will obtain results analogous to the ones we have obtained in the preceding section for totally real fields, for totally complex extensions of degree 2 of totally real fields. We obtain this extension using the fact that a totally real field and its totally complex extensions of degree 2 have integral unit groups of the same rank. We will use this property of the fields involved to give a Diophantine definition of a ring of W -integers of a totally real field over a ring of W -integers in a totally complex extension of degree 2 of this totally real field.
Then the following statements are true.
• If ε satisfies
• There exists a natural number m depending on K, L, d only, such that ε m ∈ K.
Since ε is an element of the integral closure of O L(
, the only primes which can appear in the denominator of its divisor are the factors of the primes in W L( 
Corollary.
Let K, L, d, m, ε be as in Lemma 3.
The proof of the following lemma is similar to the proof of Lemma 3.1 in [17] , but some details had to be changed. In particular, over fields which are not totally real we do not currently have the means of writing inequalities involving absolute values directly.
and relatively prime to each other. Let y ∈ O L be such that y is not an integral unit,
where
Then there exists a constant c > 0 depending on l 0 , . . . ,
Let C, be defined as in Lemma 4.10 withτ i the set of roots of G i . Then, by this lemma applied to conjugates of α/β over Q in place of z 1 , . . . , z n , for some
Using the fact that |N M/Q (β)| ≥ 1, we can conclude that
On the other hand, using i = 0 and the inequality |σ(α/β) − σ(γ)| > C/2, for all embeddings σ of M into C, we can conclude that
From (3.7) and an argument similar to the one used to prove Lemma 3.2 of [15] we can conclude that there exists a positive constantC depending on l 0 , . . . , l z , L, K, F, G i (T ) and H(T ) only such that
for all σ-embeddings of M into C. Using (3.8) and Lemma 4.6, we can now conclude that
where e 0 , e 1 ∈ L and for all embeddings σ of L into C,
whereĈ is a positive constant depending on l 0 , . . . , l z , K, d, F, G i (T ), H(T ) only. Since y is not an integral unit and |N L/Q (y)| ≥ 2, for some positive constant c depending on 
be the set of all the primes of L( 
α j = β lm j = 1; (3.14)
are distinct natural numbers;
where P is a fixed rational prime splitting completely in the extension K( √ d)/Q and thus not lying below any prime of
First of all, we observe that by Lemma 4.8, for any L(
, and not dividing the discriminants or the coefficients of
, and not dividing the discriminants of H(T ) and G u (T )'s or their coefficients. Hence, we can conclude that H(x r − l i ) and G u (x r − l i ) do not have positive order at any primes where elements of the ring O L(
are allowed negative orders. Thus,
Gu(xr−li) can have negative order only at primes where a 1,1 has negative order.
By Lemma 3.1, β j is an integral unit of K(
, and has the same degree over both fields, by Lemma 4.5,
Let A be the divisor of a 1,1 . Next note the following. Since the extensions
, and do not divide the coefficients or the discriminants of H(T ) and G u (T ), while C is an integral divisor composed of L-primes all of whose factors split in
for some u, or divide the coefficients or the discriminant of H(T ) or G u (T ) for some u. (We remind the reader here that
and
Therefore, since y is not an integral unit, by Lemma 3.3 we can conclude the following.
. From the discussion above, a chL 1,1 = y c z c , where y c , z c ∈ O L and the divisor of y c has no factors at which elements of the ring O L(
are allowed to have negative orders. Thus,
. Further, by the Strong Approximation Theorem, there exists A r ∈ O L such that
The left hand side of (3.22) can be rewritten as
Hence, we can conclude that
is an algebraic integer. Then by a well known number theoretic result,
is an algebraic integer. This however implies that
The latter case, however, contradicts (3.21). Thus, e 1,r = 0 and consequently x r ∈ L. By Lemma 5.2 of [15] , having x r ∈ L for r = 1, . . . , h L(
3.5 Lemma.
Let x ∈ N. Then all the equations (3.12)-(3.19) can be satisfied in all the other variables over O L(
.
Proof.
We will use the same notations as in Lemma 3.4. Let x be a natural number. Then for all r, let (3.15) and note that x r will also be a natural number. Next let µ be an integral unit of K such that N K/L (µ) = 1 and such that µ is not a root of unity. Then
By Lemma 4.5, there exists a positive natural number l(DBP) such that µ
. Then (3.12)-(3.14) can be satisfied for α 1 , β 1 . Next note that α 1 ∈ K is a power of µ l(DBP) and thus
In other words,
On the other hand,
Thus, we conclude,
and therefore (3.16) and (3.17) can be satisfied. Next
in O K . At this point we can also conclude that (3.12) -(3.14) will be satisfied for all j. Note further that for all r,
Hence, D(x r − U 0,r ), DU 1,r , . . . , DU p−1,r are all equivalent to 0 modulo a chL 1,1 in O L and (3.19) will hold for all r.
We now have all the necessary ingredients to prove the following theorem.
Theorem.
Let L be a totally real field and let d ∈ L be such that d and all of its conjugates over Q are negative.
Proof.
By Lemmas 4.2 and 4.1, F u L/L and KL/L are cyclic extensions of prime odd degree. LetW L( √ d) be defined as in Lemma 3.4. Then we can apply Lemmas 3.4 and 3.5 with KL replacing K and LF u replacing F u . In these lemmas we have shown that for any
, if equations (3.12)-(3.19) are satisfied in the remaining variables over O L(
, then x ∈ L. We have also shown that if x ∈ N, the equations can be satisfied in the remaining variables over O L(
. Thus, to complete our Diophantine definition of
∩ L, we note that every element of the intersection can be written as
Corollary.
Proof.
By Theorem 3.6 there exists a set of L(
. Since we can define integrality over finitely many primes, to complete our argument we need to note only that every element of
since the latter set contains all the algebraic integers of L.
Next we make use of the Diophantine definitions we have constructed over totally real fields.
Proof. 
of all the factors of {P 1 , . . . , P r } and removing of all the factors of {Q 1 , . . . ,
is finite, since we added and removed finitely many primes only. Note further that O L(
. Let P (t, X 1 , . . . , X u ) be this Diophantine definition. Next consider the following system of equations with all the variables ranging over
. From P -equations, we deduce that,
with j = 1, . . . , u such that the P -equations are satisfied.
Remark.
We would like to remind the reader thatW L(
, for all u, where the first equation is a cyclic extension of degree p, the other ones are cyclic extensions of distinct degrees
, and q u 's and p can be made arbitrarily large. By Chebotarev density theorem, the density of this prime set is
and hence can be made arbitrarily close to 1. Now given this observation and Theorem 3.8, it is clear that all the theorems we proved for the totally real case will now apply to the totally complex extensions of degree 2 of totally real fields. We state these theorems below.
3.10 Theorem.
Let E be a totally complex extension of degree 2 of a totally real field. Let W E be any set of primes of E. Then for any ε > 0 there exists a setW E such that W E \W E is contained in a set of Dirichlet density less than ε,W E \ W E is finite and such that O E,WE ∩ Q has a Diophantine definition over O E,WE .
Theorem.
Let W Q be any set of rational primes. Then for any ε > 0 and any totally complex degree 2 extension E of a totally real number field, there exists a set of rational primesW Q such thatW Q \ W Q is finite, W Q \W Q is contained in a set of primes of density less than ε, and O Q,W Q has a Diophantine definition in its integral closure in E.
3.12 Theorem.
Let E be a totally complex extension of degree 2 of a totally real field. Let χ E be the density of the set of rational primes splitting completely in E. Then for any ε > 0 there exists a set W E of primes of E whose density is bigger than 1 − χ E − ε and such that Z has a Diophantine definition over O E,WE . (Thus, Hilbert's Tenth Problem is undecidable in O E,WE .)
3.13 Corollary.
Let E be a totally complex extension of degree 2 of a totally real extension of Q. Then for any ε > 0 there exists a set W E of primes of E whose density is bigger than 1 − 1/[E : Q] −ε and such that Z has a Diophantine definition over O E,WE .
3.14 Theorem.
Let E be any totally complex extension of degree 2 of a totally real field and let ε > 0 be given. Let S Q be the set of all rational primes splitting in E. (If the extension is Galois but not cyclic, S Q contains all the primes.) Then there exists a set of E-primesW E such that the set of rational primesS Q belowW E differs from S Q by a set contained in a set of density less than ε and such that Z has a Diophantine definition over O E,WE .
4 Appendix. 
Proof.
First of all, it is clear that if M ∩ L = F , then M and L are not linearly disjoint. Suppose now that M and L are not linearly disjoint. Let α be a generator of L over F . Then by Lemma 4.1, the monic irreducible polynomial H(T ) of α over F will factor over M . Let H 1 (T ) be a factor of H(T ) in M . Then the coefficients of H 1 (T ) are, one hand, elements of M , and on the other hand, are symmetric functions of some conjugates of α over F , and thus contained in L -the splitting field of H(T ). Hence, the coefficients of
However, since H(T ) does not factor in F , at least one of the coefficients of
Lemma.
Let F be a number field. Let N 1 be a cyclic extensions of F , N 2 a Galois extension of F , linearly disjoint from N 1 over F . Then there are infinitely many primes p of F such that p does not split in N 1 , its unique factor in N 1 splits completely in the extension N 1 N 2 /N 1 , p splits completely in N 2 .
Proof.
Consider the extension N 1 N 2 /F . This extension is Galois. Further, linear disjointness guarantees that
where the last two isomorphisms are realized by restriction. Let σ be a generator of Gal(N 1 /F ) and consider a N 1 N 2 -prime P whose Frobenius automorphism is (σ, id N2 ), where id N2 is the identity element of Gal(N 2 /F ). Let G(P) =< (σ, id N2 ) > be the decomposition group of P over F . Then the decomposition group of P over
}, where id N1 is the identity element of Gal(N 1 /F ) and τ ranges over all the elements of Gal(N 2 /F ). Hence, the decomposition group of P over N 1 is trivial. Thus, P 1 = P ∩ N 1 splits completely in the extension N 1 N 2 /N 1 . On the other hand, the decomposition group of P 1 over F is the quotient of the decomposition group of P over F and over N 1 and must be isomorphic to Gal(N 1 /F ). Thus, p = P ∩ F does not split in the extension N 1 /F . On the other hand, by a similar argument the decomposition group of P over N 2 is isomorphic to Gal(N 1 N 2 /N 2 ) and therefore, P 2 = P ∩ N 2 does not split in the extension N 1 N 2 /N 2 . Finally, by looking at the quotient of the decomposition group of P over F and over N 2 , we conclude that the decomposition group of P 2 over F is trivial and therefore, p = P ∩ F splits completely in the extension N 2 /F . Now the result follows by Chebotarev density theorem.
Lemma.
Let M/L be a Galois extension of number fields. Let K be a cyclic extension of L of degree p, where p is a prime number not dividing [M : L]. Let P be a prime of L not splitting in K. Then any factor of P in M will not split in the extension M K/M .
Proof.
Let p be a factor of P in M and assume that p does not remain prime in the extension KM/M . Since K/L is a Galois extension, and 
Hence, KM/L is a Galois extension and p has p factors in M K. Therefore, the number of factors of P in M K is divisible by p. On the other hand, since P has only one factor in K, the number of factors of
, we have a contradiction.
Lemma.
Let F/E be a finite extension of number fields. Let δ be an integral generator of F over E. Let ε be an integral unit of F . Then the following statements are true.
For any
2. There exists a natural number l such that for any
Since ε is a unit, and O F modulo A is a finite ring, for some positive natural number l, ε l − 1 ∼ = 0 modulo A. Clearly ε k − 1 ∼ = 0 modulo A for any multiple k of l also. Let D be the discriminant of δ with respect to E, and apply the preceding argument to D to conclude that for some positive natural number l for all k, multiples of l, ε k − 1 = Dw, w ∈ O F . Then by a well known number theoretic result,
Thus, the lemma follows.
Lemma.
Let M/E be a finite extension of number fields of degree m. Let δ be a generator of M/E. Let x ∈ M, x = m−1 i=0 a i δ i , a i ∈ E. Assume that for some positive constant C, for every σ -embedding of M into C, |σ(x)| < C. Then for every σ, embedding of M into C, and every i = 0, . . . , m − 1, |σ(a i )| <CC, whereC depends on δ only.
Proof.
Consider the following linear system. where for each i, P i is a fixed, linear in σ j (x) polynomial. Next let τ be an embedding of M into C which does not fix E. Repeating the argument above over τ (M ) we will obtain a similar bound for all τ (a i ). This way we can obtain a bound as described in the statement of the lemma for all the conjugates of a i over Q.
Lemma.
Let M/E be a finite extension of number fields of degree m. Let M G be the Galois closure of M over E and let m G = [M G : E]. Let A be the set of primes of E splitting completely in M . Let χ A be the Dirichlet density of A. Then 1/m G ≤ χ A ≤ 1/m.
Proof.
Let H be the Galois group of M G over M and let G be the Galois group of M G over E. Let t be a prime of E and let σ ∈ G be the Frobenius automorphism of one of its factors in M G . Then by Proposition 2.8, p. 101 of [8] , t splits completely in M if and only if for every τ ∈ G, the coset Hτ σ is equal to the coset Hτ . Since this should be true for τ equal to the identity of G, we must conclude that σ ∈ H. Further Hτ σ = Hτ implies that for some ψ 1 , ψ 2 ∈ H, ψ 1 τ σ = ψ 2 τ . In other words, for all τ ∈ G, τ στ −1 ∈ H.
By Chebotarev density theorem, the density of the primes in E with a factor in M G with Frobenius automorphism equal to σ is the number of the elements in the conjugacy class of σ divided by the degree of the extension. Since all the elements of the conjugacy class of σ are in H, and the identity element of G always satisfies the requirements described above we must conclude that the density is between 
Lemma.
Let M/E be a finite extension of algebraic number fields. Let γ ∈ O M generate M over E and let H(T ) be the monic irreducible polynomial of γ over E. Let W E be a set of primes of E without relative degree one factors in M . Then for every Q ∈ W E , such that Q does not divide the discriminant of γ and no coefficient of H(T ) has a positive order Q, for every x ∈ E, ord Q H(x) ≤ 0.
Proof.
Let γ and Q be as in the statement of the lemma. Then powers of γ constitute a local integral basis of M over E with respect to Q. Thus the factorization of the minimal polynomial of γ modulo Q corresponds to the factorization of Q in M . (See [9] ,[Proposition 25, page 27].) Let x ∈ E and assume x has a negative order at Q. Then H(x) has a negative order at Q. On the other hand, suppose x is integral at Q and H(x) has positive order at Q. Then H(T ) has a root modulo Q and thus a linear factor modulo Q. This implies Q has a factor of relative degree 1 in M in contradiction of our assumption.
Lemma.
Letδ = {δ 1 , . . . , δ p },τ = {τ 1 , . . . , τ q } be two sets of complex numbers such thatδ ∩τ = ∅. Let Cδ ,τ = min i=1,...,q,j=1,...,p (|τ i − δ j |).
Let z ∈ C and let Cτ ,z = min i=1,...,q (|τ i − z|), Cδ ,z = min j=1,...,p (|z − δ j |). Then max(Cτ ,z , Cδ ,z ) ≥ 1 2 Cδ ,τ .
Proof.
The proof of this lemma is a simple consequence of the triangular inequality. Indeed, suppose Cτ ,z < 1 2 Cδ ,τ . Note that for all i, j, |τ i − δ j | ≤ |z − δ j | + |z − τ i |. Thus, for all i, j, |z − δ j | ≥ |τ i − δ j | − |z − τ i | ≥ Cδ ,τ − |z − τ i |. Let i 0 be such that 
Lemma.
Letτ 0 = {τ 0,1 , . . . , τ 0,q0 }, . . . ,τ n = {τ n,1 , . . . , τ n,qn } be a collection of n + 1 pairwise disjoint sets of complex numbers. Let C = min i =j,li=1,...,qi,lj =1,...,qj (|τ i,li − τ j,lj |). Let {z 1 , . . . , z n } be a set of complex numbers. Let C i = min j=1,...,qi,l=1,...,n (|z l − τ i,j |). Then for some i, C i > 1 2 C.
Proof.
For l = 1, . . . , n and i = 0, . . . , n call z l close toτ i if C i,l = min j=1,...,qi (|z l − τ i,j |) < 1 2 C. By Lemma 4.9, each z l can be close to at most oneτ i . Thus, there is at least oneτ i such that there is no z l close to it.
